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Geodesic deviation inpp-wave spacetimes of quadratic curvature gravity
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We write the equation of geodesic deviations in the spacetinpp afaves in terms of the Newman-Penrose
scalars and apply it to study gravitational waves in quadratic curvature gravity. We show that quadratic
curvature gravitypp waves can have a transverse helicity-0 polarization mode and two transverse helicity-2
general-relativity-like wave polarizations. A concrete example is given in which we analyze the wave polar-
izations of an exact impulsive gravitational wave solution to quadratic curvature gravity.
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[. INTRODUCTION the question of the existence of solutions for the general
Kundt class of exact plane waves and also for the Robinson-
In present day, we assist an increasing worldwide activityTrautman class of exact spherical gravitational waves in qua-
to detect gravitational radiation. These efforts will certainly dratic gravity. However, the investigations of this subject are
lead to a birth of gravitational wave astronomy in the begin-beyond the scope of the present work. The choice of the
ning of the present century. Consequently, there is growingP-wave spacetime metric also excludes the non-null wave-
theoretical interest in the description of gravitational wavelike solutions of quadratic gravity, such as those founfip
emission and detection. In addition to the information on The equation of geodesic deviations gives the relative ac-
astrophysical processes that can be gained from gravitationgglerations between free test particles falling in a gravita-
wave observations, the direct detection of gravitationational field and is a cornerstone to the understanding of the
waves will be also of great importance to the understandinghysical effects of the gravitatiofg], being the basis of al-
of the nature of gravity. Within this context, although the most all prospects for the gravitational wave detection. Geo-
common belief that the linearized theory is sufficient to de-desics and geodesic deviations in spacetimes of imputgive
scribe gravitational waves, exact solutions of gravity equawaves of general relativity are rigorously studied[#] by
tions which represent gravitational waves also deserves to B¢sing the concepts of the Colombeau algebras to handle the
investigated. One reason for this is that the linearization ofionlinear products of distributions. We do not follow here
gravity equations can hide important features contained ithe same approach developed [Bl, rather, we write the
the exact nonlinear systems which could be useful for underegquation of geodesic deviations in an orthonormal tetrad ba-
standing the global content of the gravitational theories inSiS by projecting the components of the Riemann tensor on
volved. For instance, exact radiative solutions to nonlineathis basis. Then, we obtain the relative accelerations of
curvature gravities are easily obtained fgrwave metrics hearby test particles as a function of the Newman-Penrose
while the contribution of the nonlinear curvature terms to(NP) quantities. Another series of recent papers which deals
linearized quadratic gravity waves are obscured by the lineaith geodesic deviations in spacetimes of general relativity
approximation[1,2]. Moreover, as pointed out ifi3], the  and, in particular, with the field gbp waves deserves to be
nonlinear content of Einstein’s gravity cannot be neglected irfited here[10]. However, we stress that our approach to the
many physically interesting cases such as the gravitationagsue of geodesic deviations in the field mb waves also
emission in the coalescence of binary systems. Als¢4]n  differs from that carried out in the above references.
exact solutions to general relativity which represent spin-1 The structure of the paper is the following. In Sec. Il we
gravitational waves are found. write a NP null tetrad in the spacetime of gengrjcwaves
In the present work we study the geodesic deviations irfnd the nonvanishing NP quantities. In Sec. Il we write the
pp-wave spacetimes in the framework of quadratic curvatur@eodesic deviation equation in terms of the NP quantities.
gravity. The plane fronted gravitational waves with parallel Then, we reduce to the casepf waves and obtain the wave
rays, pp waves, are spacetimes which admit a Covarianuypolarizations which can arise for these metrics. In Sec. IV, by
constant null vector field. These spacetimes represent plarff@nsideringpp waves which are solutions of nonlinear La-
gravitational waves which propagate with the fundamentaprangian field equations, we obtain the geodesic deviations,
velocity c. They constitute a subclass of the general Kundsuch as the wave polarization that can be found in quadratic
class of exact plane gravitational wavigs. Here, we are curvature gravity. We also analyze a concrete example given
interested in obtaining the effect of quadratic gravity wavesdy the gravitational wave solution to quadratic curvature
on geodetic test particles. Then, we study the geodesic d@ravity obtained ir{1].
viations inpp-wave spacetimes which we know to be simple

exact solutions to quadratl_c curvature gra_\\ﬂB]. T_he exis- Il NEWMAN-PENROSE FORMALISM FOR GENERIC
tence of exacpp-wave solutions to quadratic gravity leads to op WAVES

In this section we extend the method employed by Ha-
*Electronic address: edgard@das.inpe.br yashi and Samura ifl1] to construct a null tetrad frame for
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cylindrically symmetric gravitational shock waves, to the The geodesic equations become
case of waves with arbitrary amplitude and arbitrary depen-

dence on angular coordinates. Then, we write the non- u=o0, (79
necessarily null NP quantities for a genepic wave.
We start with app wave described by the line element . dH. o oH.. - oH. .
spacetime f=c=1): v=ogy +2%pu+2£¢u, (70)
_ k 2 Kyl
ds’=—dudv + H(x¥,u)du®+ g,,dx*dx', (1) L 1M, 2. -
=— —U"— —¢p, C
whereu=t—z, v=t+z, andx* are generalized coordinates 4 2p2 dP pd)p
in the two-dimensional space perpendicular to the propaga-
tion direction, the so-called transverse space. The Latin indi- . 1oH., 5
ces run over the transverse space dimensiond,2. The p= E%U +po°. (7d)

line element(1) clearly represents a plane wave propagating

in the z direction with the fundamental velocity. Let us write et us write a point in the spacetime with coordinates
H=H(x, ,u) wherex, is a point in the transverse space. (u,v,p,¢) asx. To construct a null tetrad basis we need to
The particular form ofH(x, ,u) will depend on the source know the first derivative of thex with respect to the affine

term such as on the underling theoretical model. parameter. This is obtained by integrating the geodesic equa-
The non-necessarily null Christoffel symbols for the tions once with respect to the affine parameter and holding
spacetime defined by E¢l) are the transverse coordinates fixed.

The first of the equation§7) implies thatu=ags+ b,
Without loss of generality, we choodg=0 andag=1 so

Fk _f*k vV TV — JH
Im= = ms o Lul™ D™ g(xi W thatu can be taken as the affine parameter itself. Thus

N O u=1, (8
uu—_ &U (XL ,U), uu__ 29 (9XI (XL !u)a . " 0')H
2) v=2H—fuomdu, (8h)
wheref“k,m are the transverse space Christoffel symbols. In
the spacetimél) we have 1 uﬁdu (80
2p2 uo<9¢ ’
R=0; R,R*=0 and R,,R***=0, (3)
1 (uoH 1

and the nonvanishing components of the Ricci tensor are

P=3

—du+
Ug &p 4p3

fuaHd 2 o
%u , (8d)

Up

~ 1
o __ T2
Ra=Ru and Ry,=—35ViH(x W), @ \where we neglect the inessential constants.

Now, we define the vectdrby the vector whose contra-
where V2 is the Laplacian in the transverse space. In flatyariant components até¢=(u,v,p, ), ©=0,1,2,3. By not-
transverse space we hakg=0. The geodesic equations are ing that

N — . . ugH
u=0, (59 p2+pz¢2=H—j au 9)
uo dU
. oH. . oH.,
v=2ﬁx Ut —ous, (5b)  [take the total derivative with respect toof both sides of

Ed. (9)] one can show thdt,|#=0.
The equations(8) define a null tangent vector to the
a1y ﬁiﬁ—fk XM (50 spacetime(6). We can build a Newman-Penrose tetrad by
Im ' taking the vectol above, a null real vectde orthogonal td,
and two null complex conjugated vectarsand m required
where the dot means derivative with respect to the affingg satisfy the orthogonality conditions:
parameter.
Now, we consider flat transverse space and define cylin- I-m=1-m=k-m=k-m=0, (10)
drical coordinates on it by writingx'=p cos), x2
=p sin(¢). This choice makes apparent the radial and anguthe null conditions:
lar aspects of thep-wave metric. The line elemefit) takes o
the form I-I=k-k=m-m=m-m=0, (12

ds’=—dudv+H(p,¢,u)du’+dp?+p2de?.  (6)  and the normalization conditions:
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kil=—1 and m-m=1. (12)

The null vectork must be proportional td,x [5]. Taking
into account the normalization conditiofis2) we obtain

k#=(0,2,0,0; k,=(—1,0,0,0. (13
For the vectom we take
m“=(0,a,8,7), (14

where @, B8, andy may be complex. The conditiorn40),
(11), and(12) determinea, B, andy. Thus

2
QZE(P‘HP(ﬁ): B= \/E, Y \/Ep (15)

By following the standard notation, we can write the null

tetrad  basis {eq}={lkmm}, eu=1#(a/d¢"), ep

=k#(al9€"), egy=mH(dl 9&"), eqy=m*(d/d€*), and the

dual basis  {ea)}, eq)=1,d&", ep=k, dé", gz
=m,dé&*, e4y=m,dé*, where
4= (U,v,p, ), (163
1(oH 1. 5
|’u= E mdu,—i,p,p ¢ s (16b)
k#=(0,2,0,0, (179
k,=(—1,0,0,0, (17b)
1 . i
m”=ﬁ<0,2(p+lp¢),1,;), (18@
1 1. . _
mﬂ=ﬁ<—§(l)+lp¢),0,llp)- (18b

Note that the components, are the momenta canonically

conjugated to the coordinates,{,p, ®).

Using Egs(16)—(18) and the definitions in the Appendix,
one can verify that the only non-necessarily null NP quantiyhere Xi = e

ties are
1 1_,
®2=5Raym=— 7 ViH (19
and
¥,=C,,“m’1"m?
1(H H i [H H
=2 —2¢ 4 —£_H p,,) +5 —”¢——2¢) (20)
p p p p

whereC,,, s is the Weyl tensor and the partial derivatives
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IIl. GEODESIC DEVIATION OF TEST PARTICLES

In this section we write the components of the Riemann
tensor in terms of the NP quantities in a local orthogonal
basis. We follow the approach pf2], but we do not impose
any field equation to the spacetime metric. Thus we obtain a
model independent description of a geodesic deviation equa-
tion in pp-wave spacetimes.

Let u=dx/dr, u,u“=—1 be the four-velocity of a free
test particle in a spacetime of curvature described by the
Riemann tensoR*,, ;. The displacement vectot between
two nearby particles must obey the geodesic deviation equa-
tion

D2X#

dr?

—RH,su"X7u°, (21

where 7 is the proper time of one of the particles.
We define a local basis by the orthonormal tetfag},

a=0,1,2,3, wheregg=u and {e}, i=1,2,3 are orthogonal
spacelike unit four-vectors, such tt‘@t-e,;zgwegeg: b
=diag(—1,1,1,1). The frame components a)@ze‘;jx/‘.

The relative accelerations between two test particles in the
local basis are defined by

a2 P D2X o)
d2 dr?’
Then, we have
d2x0
F: Ryvyﬁuﬂuvxyuézo (23)
T
and
d2xi -
FERIACS (24)
T

iﬂX"“ gives the distance between two test par-
ticles and

i~ mw vy oS
RinO_ R#v,/,;e; eéejf € (25)

are the projections of the Riemann tensor components on the
local basis{e;}. The local basis is related to a null tetrad

basis{l,k,m,m} by [5]

1
u=—(I+k), e=—=(k—1),

1
72 7

are abbreviated by a comma. We can immediately see that if

H is a harmonic function of the transverse coordinates,
=0. Moreover, ifH is cylindrically symmetric, ImP',=0.

1 —
(m—m). (26)

egziﬁ

1
e =—=(m+m),

N
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From the definition of the Weyl tensor we have derling theoretical model. The results obtained until now fol-
low directly from the structure of thpp waves.

We also notice that the line elemefit) [or equivalently
(6)] is of Kerr-Schild form[5]. This means that the spacetime
metricg,,, can be written as
By using Egs(26) and(27), we can write the components of
the Riemann tensor on the local basis in terms of the 12 NP 9ur= Mt HPLP,, (33
quantities. The result is in the Appendix, E&4). For the
pp-wave spacetime the only non-necessarily null NP quantiwherep,=—4,,. Then, the weak field regime is obtained

ties ared,, and¥,. Thus the Eq(A4) reduces to simply by takingH<1. Note that since th@p waves are
exact solutions to general relativity and even to more general

gravitational theorie$6], the weak field regimes described
here are also exact solutions sirdés not imposed to satisfy
the linearized gravity equations.

1 1
Risio=Ciojo+ 5 (8ijRoo—Rij) = 5 dijR. (27)

1 1
Rioio=75 ReWst 5P, (283

1
Rig20= — > ImW¥,, (28D . WAVE POLARIZATIONS IN QUADRATIC CURVATURE
GRAVITY

In this section, we apply the formalism developed in the
two previous sections to analyze the relative acceleration of
test particles in the presencemf waves in quadratic curva-
Equation(24) reads ture gravity. For a review of the quadratic curvature gravity
see, for example, Ref13] and the references cited therein.

1 1
R5050= — > ReWV,+ Eq)zz- (280

d2xd : 5 Consider the quadratic itational th defined by th
_ i 5 q gravitational theory defined by the
e (AL +AQ) X+ A X7, (299 action
5 1
2y2 . . - 4., [_ 2 wv
d); =A X (—AL +AQXZ, ooy > 16wad XV~ GIRF aR+ AR, R+ 167G Lo,
dt (34
d2x3 whereL,, is the Lagrangian of matter fields a@lthe New-
> =0, (290  ton’s gravitational constant. In writing the actidg84) we
dt make use of the four-dimensional Gauss-Bonnet invariant to

eliminate the quadratic invariar®,,,,,,R*""” as is usual in

—1 1 1
whereA, =3z ReVy, Ax=3ImW,, andAc=3Dz. the treatment of the quadratic curvature action in four dimen-
As can be immediately seen from EQ9), the generiqp sions[14].

wave produces no variation in the longitudinal directén The field equations derived froBS=0 are
Under a rotation of the transverse plane by an arglen

changes according tm’ =e '?m. Then,
, ' RW—EgWRJr aH,,+Bl,,=87GT,,, (35
A, =cog29)A, —sin(20)A, (30
where and |,, are given b
AL =cog29)A, +siN2HA, , 31) H.v and b, are given by
1
AL=Ao. (32) H,,=—-2R.,,+2g,,0R- EgWR2+2RRW (36)

By using the above equations, it is easy to see that(Zg).
is invariant under rotations a#=ns, wheren is an integer.
As Ap is invariant under arbitrary rotations of the transverse 1

plane we conclude thak, and A, are responsible for the L= —ZRZ;m%—DRWJr EgWDRJr ZRZRQV

“+"and “ X" helicity-2 polarization modes ané for the

helicity-0 mode. By a rotation ofy=nwu/4 we haveA’,

=—A, andA=A, . Then, a general observer sees a su- B EguvRaBRaﬁ’ (37)
perposition of two helicity-2 polarization modes shifted by

m/4 and one helicity-O polarization mode. From E&9) we  where is the curved space d’Alembert operator. For the
can see that, iV, H=0, there are no helicity-0 polarization theory defined by Eq(34) to have an acceptable Newtonian
modes. As can be seen from Eg0), if the transverse space |imit, the parametersr and 8 must satisfy the following

is cylindrically symmetric,A,=0 and the wave is purely constraintd15]:

‘" +" polarized. Note that we have not made any assump-

tions concerning the gravitational field equations or the un- 3a+pB>0, B<O. (38

and
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For metrics of the forn(1) we have1—V?, whereV? An example of impulsive gravitational wave
is the Laplacian in the transverse space. Moreover, by virtue in quadratic gravity
of Eq. (3) there is no contribution of the { term and the Let us give an explicit example of a solution obtained in
only contribution of the |, comes fromlJR,,,. Therefore  quadratic gravity for a source consisting of a finite thin shell
the field equations reduce to of width 2R, and homogeneous energy density, which

. propagates with the light velocity in ttedirection. TheT,,
component of the matter energy-momentum tensor is
~SIBVI+VIIH(X, W=87GTy,.  (39) P o
Tuw=N20O(Ro—p)6(u), (45)
This equation can be integrated to give where ©(x) is the standard step functiop, is the radial
coordinate from the source axis, ands a constanfl]. By

2 _
[AVIFIHX u)=Ha(x, ,u)+ah(x,,u), (40 solving Egs.(41) and (43) with T, given by Eqg.(45 we

obtain
whereh(x, ,u) is a harmonic function of the transverse co-
ordinatesa an arbitrary constant, and Ry [p
H(u,p)=« 4RobK1<F)IO<B)—p2—4b2}
VZH (X, ,u)=—167GT,,. (41
X0 (Ro—p)o(u)
Now, we writeH(x, ,u) as
of [P 1 Ro p
=1 2Rg|In| == | + 5|+ 4Rgbl1| ——|Koq| =
H(x, ,u)=H(x, ,u)+Hyx, ,u)+ah(x, ,u), (42 Ro/ 2 b b
whereH,(x, ,u) is determined by the equation XO(p— Ro)é(u)], (46)
v2+ 1 Ho(X, ,u)=167GT,,. (43 Wwherexk=47GAg, K, and|, are modified Bessel func-
B tions, andb=+— B [see[l] for the explanation of the

. ) i boundary and regularity conditions which are imposed in the
The functionsH, andHj are, respectively, the purely linear gerivation of the result46)]. The cylindrical symmetry oH
and purely quadratic parts of the solution. Tifigwave so- s gque to the symmetry of the sour6é5). We assume that
Iut!on to quadratic gravity is given by the metfit) in which B<0 since wheng>0 there is no acceptable Newtonian
H is given by Eq.(42). o _ limit for the nonrelativistic gravitational potential between
Regarding Eq(19) and substituting Eq(42) in Eq. (40)  point masses in quadratic gravitgs]. This choice excludes
we obtain the nonphysical solutions which appear whgr 0 leading
to imaginary components iH. Note that the solutioi is a
1 __Lloe iH (X, 1) (44) continuous function op and diverges logarithmically fos
L gp 2 —oo, Although H is a natural quantity to be taken as the
amplitude of app wave, this choice is not appropriate to the
Thus the helicity-0 component of the wave is given by theobservational point of view since it contradicts the expecta-
solutions of Eq(43) multiplied by —1/83, the inverse of the tion that the wave amplitude must decrease with the distance
coupling parameter of thR,,,R*" invariant in the quadratic from the source. Thus the quantmes_ that can better represent
gravitational action. We notice that the linear curvature ternivave amplitudes from the observational point of view must
does not contribute to thé,,. Therefore the transverse be given by theA,, A, , andA, which determines the rela-
helicity-0 mode comes only from the quadratic curvaturetive accelerations between the test particles.
terms and is determined by E@3). This fact contrasts with Using Egs.(19) and (20) we obtain
the result thatb,,=0 in empty spacep-wave solutions to

Einstein's gravity. There are also the nonvanishing compo-, _ 1. _ «[|Ro [Ro} (p| B
nents of helicity-2, namely, andA, which can be com- Ao=5%P2= =5 Ke[ T |lo| ) 72| @(Ro=p)d(W)
puted from Eq(20), where the effect of the quadratic curva- R R
ture comes from theH, term in Eq. (42). This result _ 09 (—O>K (2)@) — R S(U ] 4
indicates that can be a contribution of quadratic curvature b b/ %b (P=Ro)o(U) . @0
terms to the Einsteinian polarizations of a null wave. This
fact provides a justificative, from a nonperturbative point of 1 1 [Ry [Ro\ [p
view, to the appearance of @ dependent correction in the A,=5ReV,=— k| ——K;| =]l =|O(Ry—p)d(u)

, ; X T . 2 2| b b b
amplitude of the linearized gravitational waves in the trans-
verse traceless gauge when quadratic curvature terms are R R R p

i i i in’ V- 0 0 0
considered as small corrections to Einstein’s general relativ + = Fll(F) K2(5> O(p—Rp)d(u), (49
ity [2]. p
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and ence of non-null wavelike solutions to quadratic gravity such
1 as those obtained if7]. However, we left the investigation
AX=§Im v,=0. (49 of this subject to be carried out in another future work.
Both A5 andA, are continuous functions gfand go to 0 as ACKNOWLEDGMENTS
p—. If an observer is placed at the source axis=0Q) ) .
with one of his frame directions, for instance, theaxis, I am grateful to Dr. Odylio D. Aguiar and Dr. J. C. N. de

aligned with the propagation direction of the wave, he doeg\raujo for the critical reading of the manuscript. | would like
not see the helicity-2 component in the acceleration patterfP thank the Brazilian agency FAPESP for financial support
of test particles since this observer is located at the symmetrigrant 00/10374-5

axis of the source which has cylindrical symmetry. For this

observerA, =A,=0 and the only nonvanishing pattern in APPENDIX

the relative accelerations of test particles comes from o ) ) o
We transcribe in this appendix the definitions of the NP

quantities for a null tetrad basid,k,m,m} and write the
Riemann tensor components in the lo¢abserver basis
{eg} in terms of the NP quantities.
1 1 In the NP notation, the null tetrad components of the
=" EH(U*O): - EHZ(O,U), (50 traceless Ricci tensos(,,=R,,—g,,R/4) can be written in
terms of three real and three complex scalars according to the

which has no contribution from the linear curvatuigin-  definitions[5]:
steinian part of the theory. If the observer keeps his frame
orientation but is displaced at a distanedrom the source
axis, he observes only one component of helicity-2, given by
Eq. (48), in addition to the helicity-0 one given by EGi7).

K

Ro  [Ro
Ao(p=0)=—35 -

FKl( -1

o(u)

1 — 1 _
q’oozisuvk“ky:q’oo’ ®p1=5S,,k'm"'=d 4,

2 S

1 _
V. SUMMARY AND CONCLUSIONS q)ozEESMVm“m”:@zo,

We have studied the deviation of geodesicgppwave
spacetimes by relating the nonvanishing NP quantities of a , —. =
generalpp wave in four spacetime dimensions with the Rie- 1= st(k“' +mm?) =0y,
mann tensor components in a local orthonormal basis. We
have shown that thpp-wave solutions to quadratic curvature 1 1
gravity produce relative accelerations between test particles ¢ ,=— =S, M =D .
located in the geodesics of the spacetime which are trans- 2 2"
verse to the wave propagation direction. These accelerations (A1)
follow a pattern given by, at most, two components of o )
helicity-2, analogous to the polarization pattern of a planelhe Ricci scalar is denoted by
gravitational wave in linearized Einstein’s gravity, and one of
helicity-0. For a general quadratic gravitp wave we have 1
obtained that there is a helicity-0 pattern in the relative ac- A:ﬂRz 1_2(R(3)(4)_R(1)(2))’
celerations of test particles which depends only on the purely

guadratic part of the spacetime metric, namely A particu- whereR (5= R,.,€/4 €l - The Weyl tensor components in

lar example of an impulsivpp-wave solution to quadratic hg ny| tetrad basis can be written in terms of the five com-
gravity with cylindrical symmetry was given for which we plex scalarg5]:

identify one helicity-2 and one helicity-0 nonvanishing com-
ponent that can be observed in the relative accelerations of _ R _ )
nearby test particles. The suppression of one of the helicity-2 W= CouyakMITME, W3 =Cp a1 kTM,
patterns occurs due to the cylindrical symmetry of the
source. For an observer placedpat 0, the helicity-2 com- ¥
ponent vanishes due to the symmetry of the source. For this 2
observer only the helicity-0 pattern, which depends only on
the quadratic curvature part of the metric, survives. VY.=C [#K¥1 Ym?

The approach by which the relative accelerations of 87 Furys ’
nearby test particles in a local orthonormal basis was ob- _
tained can be used to obtain the geodesic deviations in more ~ ¥4=C,,,s“m"17m°. (A3)
general spacetime metrics. An interesting study that can be
carried out within the context of quadratic curvature gravity The Riemann tensor components in the local bfsjsin
concerns the geodesic deviations of test particles in the pretserms of the NP quantities are

Sultmr=d,,, Oy=

(A2)

=5 Cruny k1" (K71 ’—m"m?),
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1 1 1 1
Rigio=5ReWo+ 5 ReW, —ReWy+ 5 Doyt 5 Do

- Req)oz_ 2A, (A4a)

1 1
Rip3p=5IMWo— 5 IMW,—Im b, (A4b)
RiééE): — Re\lfl-l- Re‘l’3_ Req)01+ Re® 121 (A4C)

PHYSICAL REVIEW D 68, 124013 (2003

1 1 1 1
Rig20= — 5 ReWo— 5 ReW,—ReW,+ S Pyt 5 oo

+Redp—2A, (A4d)
Rsp30=—ImM¥;—Im¥3—Im Py +Imd,,

(Ade)

R3530=2 ReW,+2®,—2A. (A4f)
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